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Renormalization group
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superconductor

Emergent phenomena
in many-body systems

superfluid

spin liquid

topological order

Integer and Fractional Quantum Hall Effects
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The problem

we have we want

H ——> |V (W]o(x, )0(0,0)|¥)

low energy,
collective excitations, ...

local Hamiltonian ground state

—> 7 =tre PH

Euclidean path integral



Example: 1d quantum Ising model 2d classical Ising model
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Other examples: material science, quantum chemistry, QCD, ...



The Renormalization Group
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RG flow in the space of Hamiltonians
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RG flow in the space of Hamiltonians
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We would like (wish list)

* Non-perturbative RG approach H-H - H' - ...

* Universal coarse-graining rules valid for a generic system
e Solve QCD ... !
How far did we get ? (over the last 10 years)

* Reformulated the RG using quantum information tools/concepts
(quantum circuits, entanglement)

* Efficient representation of ground state wave-functions |LIJ> (MERA)

universal, non-perturbative, real-space RG approach!

* Key ingredient: removal of short-rage entanglement

(but we have not yet solved QCD, sorry...)



TENSOR NETWORKS
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Many-body wave-function of N spins
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Many-body wave-function of N spins
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Example of tensor network Vidal, 2006

Multi-scale entanglement renormalization ansatz

(MERA)

* \Variational ansatz for 1d systems, which extends in space and scale
* Variational parameters for different scales

* |tis secretly a quantum circuit and an RG transformation



Example of tensor network .
Vidal, 2006

Multi-scale entanglement renormalization ansatz

(MERA)

disentangler Isometry

also a two-body gate
two-body gate



Multi-scale entanglement renormalization ansatz

(MERA)
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quantum
circuit U
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Entanglement is introduced by the gates at different times (=scales)



RG Transformation

Kadanoff (1966) + White (1992)
blocking variational optimization
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RG Transformation

ocring " variational opimie come short range

blocking variational optimization
/ entanglement !
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MERA -> RG flow in the space of ground state wave-functions
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MERA -> RG flow in the space of ground state wave-functions

Phase A Phase B

stable stable
fixed o ® fixed

point A point B
k4

critical
fixed
point

[P) > [P') > [P7') > - > [P/P)

gi,-é ;ié fixed-point * topological order (2+1)

wave-function e guantum criticality (1+1)

MERA -> RG flow in the space of Hamiltonians

H-oH - H' —»..-5HfP

local operators
= are mapped into
local operators !




e \Variational parameters for different length scales

“entanglement at
different length scales”

* |tissecretly a quantum circuit —>

and an RG transformation

‘removes / / \ I | “preservation
short-range |LIJ> — |LIJ ) H-H P -

” of locality
entanglement

* blah, blah, blah...

Does it work?

* Optimize variational parameters by energy minimization



Example: Critical quantum Ising model Pfeifer, Evenbly, Vidal (2008)

Scaling dimensions of primary fields

scaling scaling
dimension | dimension 2+1/2 P e
(exact ) (MERA) 2+1/§ i e e on IS VL B
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MERA and HOLOGRAPHY

.¢.
I S

PP

5, = log (L)

* two-point correlations

C(L) =~ L7322

i e D = log(L) asin hyperbolic space
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So, MERA seems to work!

Great! However < variational optimization is expensive; local minima.
 do we get the correct ground state?

* Euclidean path integrals / classical partition functions?

Tensor Network Evenbly, Vidal 2014-2015
Renormalization



Euclidean path integral Statistical partition function
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Tensor Renormalization Group (TRG) Levin, Nave 2006
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Fixed-point of TRG  Levin, Nave 2006
%é— isometry!

CDL Tensor

(zero correlation length)

some short-range entanglement
has not been removed



Tensor Network Renormalization (TNR) Evenbly, Vidal 2014-2015

<— isometry

disentangler!




Tensor Network Renormalization (TNR) isometry
d

isentangler!

CDL Tensor

(zero correlation length)

removal of all W
A short-range entanglement AI

[for CDL tensors, see also Gu and Wen 2009 Tensor Entanglement Filtering Renormalization (TEFR)]



TNR -> proper RG flow

Example:

below critical

T=09T,
critical
T =T,

above critical

T=11T,

Phase A Phase B
stable stable
® fix

2D classical Ising
ks
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ordered (Z2)
fixed point

critical
(scale-invariant)
fixed point

disordered
(trivial)
fixed point



Evenbly, Vidal, 2015

TNR yields MERA




MERA = variational ansatz

M

h

energy
optimization

=

MERA = by-product of TNR

X  open boundary

transform
tensor network
into MERA

T

1l
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X x 0 T
energy minimization TNR -> MERA
1000s of iterations over scale * single iteration over scale
local minima * rewrite tensor network for ground state

correct ground ? » certificate of accuracy



Summary

e Reformulation of the RG
using quantum information tools/concepts
(quantum circuits, entanglement)

» Efficient representation of ground states (MERA)
-> toy model for holography

* universal, non-perturbative, real-space RG approach

Tensors Ground states Hamiltonians

3 RG flows A-> A" - A" - ... |lIJ) - |LIJ’) - |l]1”) —5 e H-H - H'" - ...

* Key ingredient: removal of short-rage entanglement

* Very accurate in 1+1 dimensions (Ising model, etc)

What about 2+1, 3+1? (and QCD?)
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